METRIC SPACES: FINAL EXAM 2012

DOCENT: A. V. KISELEV

FEvaluation: min(lOO%, max(5 prb x 20% - H:?gtop}, Z?:l h/w x 5% + 5 prb x 14% - B:(l)gmpb).

Problem 1. Let (DC : dx) be a non-empty complete metric space. Suppose
that f,g: X — X are two contractions of X. Does there always exist a
point zy € X such that f(g(zo)) = zo? (state and prove)

Problem 2 (top™). Let (DC, dx) be a sequentially compact metric space.
Consider a nested sequence X 251 2 .55 2 ... D S; D ... of non-empty
closed subsets of X, here 7« € N. Is it true that the intersection ;;of S;
always remains non-empty ? (state and 'prove)
e Does the answer remain the same or change if the hypothesis of the
sequential compactness of X is discarded ? Find a (counter)example sup-
porting your claim.

Problem 3 (top). Let A and B be connected subsets of a metric space
and AN B # &. Prove that the union A U B is connected.

Problem 4. Are the two subsets of the Euclidean plane, [0,1] x [0, 1)
and [0,1) x [0, 1), homeomorphic or not ? (state and prove)
(By definition, a mapping f: A — B between two sets A B C X of a metric space (DC dx)

is a homeomorphism if it is bijective and both f and f~! are dy-continuous. The sets are
homeomorphic if there is a homeomorphism between them.)

Problem 5. Let A and B be bounded subsets of a metric space (DC, dx)

and ANB # &. Prove the inequality diam(AUB) < diam(A)+diam(B).

By definition, diam(@) = 0 and diam(S) = sup, dx(z,y) for a non-empty bounded
z,yeS
set S C X.)

Date: April 4, 2012.
Do not postpone your success until July 4, 2012. GOOD LUCK !





